Stand Density Diagrams (SDD) are average stand-level models which graphically illustrate the relationship between yield, density and mortality throughout the various stages of forest development. These are useful tools for designing, displaying and evaluating alternative density regimes in even-aged forest ecosystems to achieve a desired future condition. This contribution presents an example of a SDD that has been constructed for teak forests of Karnataka in southern India. The relationship between stand density, dominant height, quadratic mean diameter, relative spacing and stand volume is represented in one graph. The relative spacing index was used to characterize the population density. Two equations were fitted simultaneously to the data collected from 27 sample plots measured annually for three years: one relates quadratic mean diameter with stand density and dominant height while the other relates total stand volume with quadratic mean diameter, stand density and dominant height.
Introduction
Stand density management involves the manipulation and control of growing stock through initial spacing or subsequent thinning to achieve specific management objectives (Newton 1997; Newton et al. 2005) . Manipulation of stand density with thinning affects stand structure, tree size yield, and optimal rotation length. It is probably the single most influential activity a silviculturist can perform between successive regeneration periods, and is often the best means for achieving a wide range of stand management objectives (Long 1985) . Adequate stand density levels determination is a difficult task that involves biological, technological, economical and operational factors driven by species, site and management frameworks (Valbuena et al. 2008) . The process requires selection of upper and lower limits of growing stock while taking into account the fact that the upper limit is chosen to ensure site occupancy, to maintain adequate stand-level yields and to produce trees of a desired form, whereas the lower limit is chosen to promote individual-tree growth rates (Dean and Baldwin 1996) .
Stand density diagrams (SDD) graphically represent the relations between stand density, height, diameter and volume for even-aged stands (Archibald and Bowling 1995; Newton 1997; Barrio and Álvarez-González 2005) . These diagrams are based on the self-thinning rule and the relationships between diameter, dominant height, density and volume for even-aged stands (Archibald and Bowling 1995) . In fact, these diagrams can be used to predict size-density trajectories under different silvicultural strat-egies (Newton 1997) .
SDDs effectively translate general management objectives into stand-specific thinning prescriptions (Castedo-Dorado et al. 2009 ). The apparent simplicity of SDDs belies their ability to display the complex dimensional relationships of developing stands (Kumar et al. 1995) . Essentially, SDDs are simple stand average models which graphically characterize yield, density and mortality at various stages of stand development (Newton and Weetman 1994) and are useful in designing alternative density management regimes, in displaying the consequences of stand density manipulation and in translating general objectives into practical thinning prescriptions (Long et al. 1988) . They have also been used to develop regimes relating to the manipulation of wildlife habitat (Smith and Long 1987; Lilieholm et al. 1994) .
The development of SDDs has greatly facilitated stand density management decision making. Their utility has been largely limited to evaluating density management outcomes in terms of mean tree size and stand-level volume yields (Newton 1997) . Recent innovations include the addition of structural yield prediction in the development of SDDs (Newton et al. 2005 ) and of traditional stocking guides (Gove 2004) , which enable forest managers to estimate the number of trees in each diameter class at any point during stand development.
The use of SDDs is one of the most effective methods for the design, display and evaluation of alternative density management regimes in even-aged stands (Jack and Long 1996) . The diagrams are constructed by characterization of the growing stock with indices that relate the average tree size to density. Several density indices have been used e.g. the stand density index (Reineke 1933) , the self-thinning rule (Yoda et al. 1963) , the relative density index (Drew and Flewelling 1979) and the relative spacing index (Wilson 1946) . The great advantage of these density indices is that they are independent of site quality and stand age (Long 1985; McCarter and Long 1986) .
Tectona grandis (teak) is one of the most important tropical timber species and is suitable for multiple end-uses, including construction, furniture and cabinets, railway sleeper cars, decorative veneer, joinery, ship and vehicle body building, mining, reconstituted products, etc.
Teak is the world's most cultivated high-grade tropical heartwood, covering approximately 6.0 million hectares worldwide (Bhat and Hwan Ok Ma 2004 The objective of the present study is to develop a dynamic SDD for estimating the amount of wood volume and other stand variables of interest in teak plantations in Karnataka (India). This silvicultural tool enables simulation of several management regimes and the development of thinning schedules for a wide range of site qualities and management objectives. We describe the development of a comprehensive density management diagram using data from twenty-seven teak stands from five forest divisions in Karnataka.
Materials and Methods

Data and field procedure
The data used in this study were collected from teak plantations in Karnataka which are maintained by the State Forest Department. The annual rainfall in these areas varies from 1,600 mm to 4,500 mm. The mean annual minimum and maximum temperatures vary from 11 o C to 38 o C. A total of 27 plots were established in 2010 in the stands representing five forest divisions: Yellapur, Haliyal, Koppa, Virazpet and Madikeri. The plots are located throughout the area of distribution of teak in the state and were selected to represent the existing range of ages, stand densities and sites. Two plots are located in Yellapur, four in Haliyal, nine in Koppa, three in Virazpet and nine in Madikeri forest division. The plots are rectangular and their size ranged from 220 to 436 m 2 , depending on stand density, in order to achieve a minimum of 30 trees per plot. The diameter at breast height (dbh, 1.37 m above the ground) was meas- ured to the nearest 0.1 cm with digital calipers (Digitech Ⓡ Professional v1.21) in all trees in the plots. Total height was measured to the nearest 0.1 m with a digital hypsometer (Vertex Laser VL402 v1.1). The plots were remeasured annually for three years. Age was calculated from the year of planting. No thinning was carried out in the stands (except for plot no. 13) and the reduction in number of trees observed was due to natural mortality, illegal logging and pest or other damage.
The stand variables calculated for each plot and inventory were: stand age (A), number of trees per hectare (N), quadratic mean diameter (d g ), average stand height (h), dominant height (H 100 ) (defined as the mean height of the 100 thickest trees/ha), basal area per ha (BA) and total stand volume (V). Total stand volume was calculated from a compatible tree volume equation developed by Tewari et al. (2013a) . Values of stand volume for each plot were estimated considering the top diameter thresholds of 5 cm. Summary statistics, including the mean, minimum, maximum and standard deviation of these stand variables are presented in Table 1 .
Construction of the SDD
Structurally, SDDs consist of a number of functional and empirical quantitative relationships that collectively represent the cumulative effect of various underlying competition processes on tree and stand yield variables (Newton et al. 2005) . The SDD developed in the present study included the relative spacing (RS, also known as Hart or Hart-Becking index). The RS was used to characterize the growing stock level (Clutter et al. 1983; Gadow and Hui 1999) . This index was calculated as the ratio of the average distance between trees to the average dominant height of the stand, expressed as a percentage. Assuming a square spacing, it can be written as follows:
(1) RS is particularly useful for characterizing the growing stock levels in SDDs for several reasons (Castedo-Dorado et al. 2009 ): (1) it is independent of site quality and stand age except for very young stands, (2) dominant height is, from a biological point of view, the best index for establishing thinning intervals, (3) the linkage between dominant height growth and forest production adds further utility to these diagrams for forest management purposes, and (4) it is sometimes used as guide to control density in intensively managed plantations.
The following two equations were fitted using non-linear regression in the construction of the stand density diagram:
The first equation relates quadratic mean diameter to number of trees per ha and dominant height. This equation is based on the relationship among average tree size, density and an indicator of productivity (Goulding 1972; Long and Shaw 2005) . The second equation relates the current stand volume to the quadratic mean diameter, dominant height and the number of trees per ha (McCarter and Long 1986; Dean and Baldwin 1993; Luis and Fonseca 2004) .
Eqs. (2) and (3) together define a structurally simultaneous system of equations, where N and H 100 are the exogenous variables (variables that appear only on the right-hand sides of the equations and whose values are determined independently of the system); V is an endogenous variable (a variable that the model is intended to explain or predict and that only appears on the left-hand side of an equation); and d g is an endogenous instrumental variable (endogenous variables also appear on the right-hand side of equations). Since the error components of the variables on the left-hand side and the right-hand side are correlated, the full information maximum likelihood (FIML) technique was applied to fit both equations simultaneously using the MODEL procedure of SAS/ETS (SAS Institute Inc. 
2004).
The isolines for the growing stock level (expressed by the RS) and for the stand variables included in the stand-level model (quadratic mean diameter and stand volume), were obtained by solving for N in equations (1-3) through a range of H 100 and setting RS, d g and V constant, respectively. The values of all the variables used to develop the SDD ranged between the maximum and minimum values observed for teak in Karnataka (Table 1) .
A mortality model may also be considered in the representation of density management regimes in the diagram. The mortality model used in the present study is derived from the following differential equation:
In this case, it is assumed that the rate of change of stand density depends on a power function of the initial stand density and an exponential function of age. This differential equation has two different solutions depending on the value of β.
The first solution gives the following algebraic difference equation by substituting C:
The following model was developed with the data from the 27 plots and enables prediction of the reduction in tree number due to density-dependent mortality: (4) where N 1 and A 1 represent the predictor number of trees per ha and age (years), respectively, and N 2 is the predicted number of trees per ha at age A 2 .
This equation is sensitive only to initial stand density and stand age, but explains more than 99.5% of the total variance of the reduction in tree number in the experimental plots (RMSE=24.60 trees/ha). Since equation (4) depends on stand age, the site quality system (Tewari et al. 2014 ) may be used to convert the age variable to dominant height (given a specified site index), which can be directly represented in the SDD.
Results and Discussion
Regression models
The values of coefficients and regression statistics of the fitted equations (2-3) are shown in Table 2 . All coefficients were found to be significant at the 5% level. An examination of residuals revealed that both models are unbiased with respect to the independent variables and plantation age.
The first equation, relating quadratic mean diameter, age, density and dominant height has an estimated R 2 of 74% and a standard error of 2.3 cm while the second equation, relating volume, density, dominant height and quadratic mean diameter, has an estimated coefficient of determination (R 2 ) of 98% and a standard error of 11.66 m ume on the bivariate graph (Fig. 1) . The range of values represented by the axes and the isolines were similar to the range of values included in the data used to construct the diagram (Table 1 ). The dominant height axis ranges from 6 to 34 m, whereas the densities range from 50 to 5,000 stems/ha on a logarithmic scale. The uppermost isoline for the RS in the diagram corresponds to a value of 14 per cent; additional RS lines range up to 38. The diagram also provides lines that represent values of quadratic mean diameter and total stand volume. The values of the quadratic mean diameter range from 6 to 34 cm while the total stand volume values range from 20 to 460 m 3 /ha. The isoline slope, upwards from left to right, is in accordance with the principle that productivity at any point in time is greatly affected by dominant height.
Designing a density management regime
It is difficult to translate specific management objectives into appropriate levels of growing stock. The use of a size-density based index of growing stock such as RS, however, greatly simplifies this process (Long 1985) . Hence, the first step in the design of a density management regime is to decide on an appropriate range of relative spacing. Selecting upper and lower limits often represents a silvicultural trade-off between maximum stand growth and maximum individual tree growth and vigour (Long 1985) .
Thus, the decision regarding appropriate levels of growing stock will reflect stand management objectives. Usually, both the upper and lower growing stock limits are set with an RS that avoids density-related mortality and maintains adequate site occupancy, respectively. The design of a density management regime also involves decisions about desired end-of-rotation tree dimensions and thinning constraints such as minimum tree size and volume removed, which will probably be specific to each management situation.
The dimensional relationships represented by the diagram (Fig. 1 ) are presumed to be largely independent of both site quality and stand age. For example, a stand with a d g of 20 cm and 1000 trees/ha would have the same H 1 and total volume, be at the same stage of stand development, and have the same growth-growing stock relations whether it was a relatively young stand on a high quality site or an older stand on a low quality site. The utility of the diagram at a particular locale is enhanced if information on the dominant height-age relation makes it possible to estimate rotation length and ages of intermediate stand entries.
To determine the age at which thinning and harvesting should be carried out, the site index equation (equation 5) and curves (Fig. 2 ) developed for teak (Tewari et al. 2014) may be used. This variable may be obtained by locating the site height on the dominant height over age curves for a (Tewari et al. 2013b). given site index or inverting the height growth equations: (5) where, H 01 and A 1 represent the predictor height (meters) and age (years), and H 02 is the predicted height at age A 2 (reference age was taken as 30 years).
As an example, SDD for a given site quality (site index of 26 m at a reference age of 30 years), including the mortality estimated using equation 4, is presented in Fig. 3 . In this case the lines of density are not horizontal.
Populations of trees growing at high densities are subject to density-dependent mortality. For a given average tree size there is a limit to the number of trees per hectare that may co-exist in an even-aged stand and, hence, the relationship between the average tree size (increasing over time) and the number of live trees per unit area (declining over time) may also be described by means of a limiting line. However, in the practice of forest management, the limiting line is hardly ever reached (Gadow and Bredenkamp 1992). However, this does not mean that trees do not die before the limit is reached. The results from spacing trials show that mortality processes are effective well before the theoretical maximum density is attained.
Potential uses and limitations of SDDs
The SDD has a wide potential use because the data required for the equations and diagrams are usually available from common timber inventories. The SDD may be useful for the rapid analysis of many alternative density management regimes; when one or few alternatives are identified, however, if more detailed yield analysis is required it should be provided from a dynamic stand growth model predicting rates of change under different management approaches and stand conditions (Castedo-Dorado et al. 2009 ).
Although different thinning regimes can be analysed using the SDD, the lack of information from thinned plots for developing the SDD limits its use. Furthermore, silvicultural treatments can induce the so-called "memory problem" (Drew and Flewelling 1979; Long 1985; Jack and Long 1996) associated with changes in stand structure over time; i.e. a stand which was not thinned will not have the same average size or the same allometric relationships as a comparable stand of the same density that was heavily thinned.
In the use of SDDs, it is assumed that such structural differences are either short-lived or of limited silvicultural importance (Drew and Flewelling 1979) . Therefore, these limitations should be considered before applying the SDD and, according to Newton (2003) , further information about the effects of different thinning treatments on the residual stand structure and the temporal variation in thinning responses is required.
There are limitations to SDDs since these are only average stand models. For example, the teak diagram is based on single species, even-aged plantations. Nevertheless, such a model can be extremely useful in designing density management regimes for these types of forests (Kumar et al. 1995) . These diagrams do not provide any information on the range of diameter and height classes within a stand. As a result, a SDD cannot be used as a yield table. Volume estimates derived from a SDD are gross approximations and are only appropriate for comparative evaluations of crop planning scenarios (Archibald and Bowling 1995) . Finally, the diagrams presented in this study have been constructed using only a limited number of sample plots. The diagram allows the simulation of stand development and prediction of the likely consequences of alternative density management regimes. However, additional observations are needed in the future to cover an even wider range of ages and site qualities.
Conclusions
Stand Density Diagram has been developed for teak forests in Karnataka, India which allow an objective and organized way for forest managers to select, compare and evaluate alternative silvicultural strategies for meeting specific management objectives. These diagrams are a valuable tool for developing practical density management regimes at the stand level.
